We consider a cosmological model with variable gravitational constant G based on a scalar-tensor theory. Using the recent observational data for type Ia supernovae we find a phenomenological expression describing the G-variation. The corresponding variation of the fine structure constant α within multidimensional theories is also calculated and is shown not to support known constraints on ∆α/α.
Introduction
The results of observations of Type Ia supernovae (SNe Ia) [1] , [2] , [3] provide evidence that the universe has been accelerating recently, at z < 0.5, and decelerating at earlier stages [3] , [4] . The Friedmann cosmology without cosmological constant and with zero curvature (as indicated by CMB experiments) cannot not explain such evolution of the universe (see [5] ). The accelerated behaviour can be attributed to "dark energy" with negative pressure, the simplest possibility being the introduction of the cosmological constant in accordance with cosmic concordance model Ω M ≈ 0.3, Ω Λ ≈ 0.7 (see [6] for review).
An alternative solution is to modify the gravitational theory, for example, by allowing a time variation of Newton's constant. The possibility of a time variation of fundamental constants of nature, in particular the fine structure constant α and the gravitational constant G first considered by Dirac in the framework of his Large Number hypothesis [7] and later developed by Brans and Dicke within their theory of gravitation [8] (see Refs. [9] , [10] for more details) recently has been a subject of numerous studies (see for example Refs. [9] , [11] , [12] , [13] for reviews and references therein). It is worth mentioning that many theoretical approaches, such as models with extra dimensions, string theories or scalar-tensor models of quintessence, contain a built-in mechanism of time variation of couplings. As examples of observational results on the variation of G let us mention constraints derived from the Lunar Laser ranging (see [14] , [15] ) and from distant SNe Ia data [16] .
In the framework of models with varying gravitational constant it is valuable to get a phenomenological expression for its variation, i.e. obtain an approximate form of the function G(z), where z is the redshift parameter, which fits the Hubble diagram based on the SNe Ia data sets. Getting such description is the goal of the present paper. We would like to mention that fitting the Hubble diagram of SNe Ia within models with variable gravitational constant for a particular parametrization and Λ = 0 was studied in [17] .
Once the phenomenological form of G(z) is obtained it can be compared with predictions of cosmological models and/or contrasted with astrophysical observational constraints. Thus, models with extra dimensions predict a correlated variation of various fundamental constants. In paper [18] the relation between the fine-structure constant α and the gravitational constant G was studied for three classes of theories, namely for the pure Kaluza-Klein theory, for Einstein-Yang-Mills theories and for Randall-Sundrum type models. Using the relation between α and G in a given model and the phenomenological formula for G(z) one can get an estimate of the variation of the fine-structure constant. This prediction can be contrasted then with observational constraints on the variation of α which were a subject of intensive studies recently. Thus, using the many multiplet method the authors of Refs. [19] , [20] , [21] claimed that the fine structure constant α was smaller in the past. However, a similar analysis carried out in Refs. [22] , [23] using a different line fitting code and better quality data sample shows that the measurements are consistent with zero variation within the uncertainties and do not support the claims by previous authors.
The plan of the paper is the following. In Sect. 2 we outline a theoretical scheme with the variable gravitational "constant" G and derive a generalization of the Hubble law for this case. A phenomenological description of the function G(z) which fits the Hubble diagram of SNe Ia is found in Sect. 3. In the next section the correlated variation of the fine-structure constant α and G within models with extra dimensions is discussed. Finally, in Sect. 5 conclusions and some discussion of the results are presented.
Variation of G in scalar-tensor theories
Theories of gravity in which the gravitational "constant" G varies with time and cosmological models based on them have been extensively studied in the literature (see, for example, [24] and references therein). One of the most natural and relativistic covariant ways to describe the variation of the gravitational constant is to interprete it as a scalar field φ. This can be done self-consistently in the framework of scalar-tensor theories of gravity of Jordan-Brans-Dicke type [8] , [25] with the action given by
where the function w = w(φ) determines the coupling between the scalar field and gravity. We will consider cosmic evolution of the scale factor a(t) of the Friedmann-RobertsonWalker metric and the scalar field φ within theory (1) assuming for simplicity that w is constant. The Hubble parameter H ≡ȧ/a is given by the Friedmann equation [24] 
where Λ is the cosmological constant and k is the curvature parameter. We assume that the universe contains a simple perfect-fluid described by the equation of state
Eqs. (2), (3) and the energy conservation conditionρ+3γHρ = 0 have to be complemented with the acceleration equation for φ [24] :
In what follows we will consider a and φ to be functions of the redshift parameter z. To pass from the time derivative to the derivative with respect to z we use the standard relation
. Denoting z-derivatives with prime we get relations of the typė φ = −H(1 + z)φ ′ . By considering the weak-field limit in the scalar-tensor theories the following relation between the gravitational constant G and the scalar field φ is established [8] 
Using the formulas above the Hubble law, Eq. (2), can be written in the following form
with the function g(z) given by
where G 0 = G(0) is the present day value of the gravitational constant, g 0 = g(0), and the parametersΩ M ,Ω R andΩ Λ are related to the standard ratios
by the following relationŝ
From Eq. (6) it follows thatΩ
We would like to note that a particular case of Eqs. (6)- (9) was discussed in Ref. [26] . The luminosity distance d L is calculated via the standard formula, in the flat case it has the form
Similar to as it was done in Ref. [16] , for the calculation of the Hubble diagram we will use the Chandrasekhar mass model for the SNe Ia light curve according to which the peak luminosity L is proportional to the Chandrasekhar mass, L ∝ M Ch and therefore L ∝ G −3/2 . As a result the apparent magnitude is given by
where M 0 is the absolute magnitude. We will use Eqs. (10), (11) as a model to fit the SN Ia data with certain parametric representation for G(z).
Phenomenological description of G-variation
As it has been already said in the Introduction our goal is to get an empirical description of the gravitational constant variation inferred by the SNe Ia observational data, including the recent datasets [3] . For this we use a simple phenomenological expansion of the function G(z) in powers of z:
Such approximation is in the spirit of phenomenological descriptions of the scale factor, deceleration parameter or equation of state emloyed in Refs. [3] , [4] , [27] . The first coefficient p 1 is determined from experimental bounds on the time derivative of the gravitational constant G at the present time (Ġ/G) 0 ≡ (Ġ/G) t=tnow . For the sake of convenience we translate these bounds in the ones on χ ≡ G ′ (0)/G 0 using the relation
For our study we will take the present value of the Hubble parameter to be H 0 ≈ 10 −10 yr −1 . There is a number of constraints on (Ġ/G) 0 obtained from different observations (see [9] , [12] , [13] and references therein). Thus, the Lunar Laser ranging experiments give |Ġ/G| 0 < 8 × 10 −12 yr −1 [14] , [15] , whereas the improved constraints on the postNewtonian parameters give the upper bound to be 10 −14 yr −1 [28] . Summarizing, one can see that the parameter χ can take values satisfying roughly |χ| ≤ 0.01 that is similar to an estimate obtained in [17] . Actually, as far as χ is small enough, the values of other coefficients depend very weakly on its precise value. We have checked that our final result is not sensitive to the value of χ within the interval −0.01 < χ < 0.01. Since χ = p 1 the bound on the rate of the time variation of G determines the linear term in Eq. (12) . For further analysis we take p 1 = χ = −0.01.
Truncating expansion (12) at a certain order and substituting the polynomial parametrization into Eq. (6) we calculate expression (11) for the apparent magnitude in terms of the coefficients p i and compare it with the Hubble diagram based on the SNe Ia observational data.
Let us consider the case of the flat matter dominated universe without the cosmological constant, i.e. we put Ω R = Ω Λ = 0 and γ = 1 in the Hubble law, Eq. (6) . An important observation is that with such assumptions the value of the ratio Ω M turns out to be fixed by the value of p 1 . Indeed, from (7) one gets
The value of the Brans-Dicke parameter w depends on the concrete model. For example, in the case of multidimensional Einstein-Yang-Mills models with d extra dimensions, discussed in the next section, w = (d − 1)/d [29] . Having in mind this class of models we take w ∼ 0.5 ÷ 1, the exact value of this order of magnitude does not affect our final result in a significant way. In the case of models obtained by dimensional reduction from multidimensional theories with six extra dimensions, which can be motivated by the string theory, one gets from Eq. (13) 
Fitting the Hubble law to the dataset with a quadratic polynomial for G(z), i.e. with one free parameter p 2 , does not give satisfactory result. To get a better phenomenological approximation we consider a cubic polynomial as a parametrization of the function G(z) in Eq. (12) . Varying p 2 and p 3 we obtained that the best fit to the Hubble diagram of SNIe is achieved with the values p 2 ≈ 0.045 and p 3 = 0.50. We would like to mention that the best fit has little sensitivity to the value of p 2 , in fact this coefficient can be chosen within the interval 0.042 < p 2 < 0.048 within the accuracy of calculation. Contrary to this, the χ 2 analysis displays rather sharp dependence of the best fit on the value of p 3 . As it was already mentioned, the final values of p 2 and p 3 are rather insensitive to the value of p 1 and w provided |p 1 | ≤ 0.01 and w ∼ 1. Details of the analysis will be published elsewhere.
The obtained form of the function G(z) should be constrasted with existing constraints and/or compared with results on G-variation in various cosmological models. As an illustration in the following section G(z) will be considered as a phenomenological input in a multidimensional model and a prediction for the variation of the fine structure constant will be derived.
Variation of G and α in multidimensional models
Time variation of fundamental constants within models with extra dimensions was considered in a number of papers, see for example [30] - [34] . In Ref. [18] correlated variations of the fine structure constant α and gravitational constant G were analyzed. It was shown that in the framework of certain multidimensional models there exist a robust relation between time derivatives of α and G which generically can be written aṡ
where the factor β(R) is model dependent and may be a function of the scale (or size) R of the space of extra dimensions. Similar relation between the derivatives with respect to the redshift z holds:
Integrating this formula one gets
where α 0 = α(0) is the present day value of the fine structure constant.
To be concrete let us consider the case of multidimensional Einstein-Yang-Mills theories, in this case β = 1. Using the cubic polynomial, Eq. (12), with the coefficients determined in the previous section, we get the behaviour of ∆α/α predicted in such theory. In particular, one can see that at z = 0.5 this ratio is positive and is equal to ∆α/α ≈ 0.07. This theoretical prediction is at odds with the known constraints on the variation of the fine-structure constant. Thus, the latest analysis of the Keck/Hires sample of quasar absorption lines using the many multiplet method gives ∆α α = (−0.54 ± 0.12) × 10
for z in the range 0.5 < z < 3 [21] . As it was already said in the Introduction, this effect was not supported by the analysis carried out in Refs. [22] , [23] which gives the constraint ∆α/α = (−0.06 ±0.06)×10 −5 consistent with zero variation. We see that neither the sign of our theoretical prediction nor its order of magnitude coincide with the above bounds. In fact, a similar conclusion was formulated in Ref. [18] .
The constraints on the time variation of α obtained from the Oklo phenomenon give [35] ∆α α = (0.15 ± 1.05) × 10
at z ≈ 0.15. The obtained phenomenological formula amounts to ∆α/α ≈ 0.0012. Actually, as one can see from expression (15) , for ∆α/α to fit the Oklo constraint at z = 0.15 the value of the parameter β should be of order of β ∼ 10 −4 , i.e. α(z) must be practically independent of G(z).
Conclusions and discussion
We studied the possibility of fitting the Hubble law to the SNe Ia data within cosmological models of a flat universe without cosmological constant but with varying gravitational "constant" G. The function G(z) was represented by a cubic polynomial, Eq. (12), parametrized with three coefficients, p 1 , p 2 and p 3 . The linear order coefficient was fixed by the constraints on the present day rate of the time variation of G. The other two coefficients were determined from the best fit to the Hubble diagram. Finally we arrived at the following phenomenological expression:
where G 0 = G(0) is the present day value of the gravitational constant. In this paper we limited ourselves to the cubic polynomial for G(z). Such choice of approximation is motivated by the results on two-parametric descriptions of astrophysical characteristics obtained from the same datasets in Refs. [3] , [4] , [27] which suggest that the available data does not allow a good determination of higher order parameters. Details of the fitting will be published elsewhere. The phenomenological determination of G(z) from the SNe Ia data suggests that the value of the gravitational constant was higher in the past, at least till z ∼ 1.5 ÷ 1.7. This conclusion should definitely be compared with other cosmological and astrophysical bounds and restrictions. The discrepancy between the theoretical prediction for the variation of the fine-structure constant obtained in the models with extra dimensions and the existing observational constraints, provided that the latter are solid and confirmed, indicates that either the multidimensional models considered here are phenomenologically unsatisfactory or the very hypothesis of the variability of G is not correct.
